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ON THE ESSENTIAL SPECTRUM OF MAGNETIC SCHRÖDINGER
OPERATORS IN EXTERIOR DOMAINS
AYMAN KACHMAR AND MIKAEL PERSSON
Abstract. We establish equality between the essential spectrum of the Schrödinger operator
with magnetic field in the exterior of a compact arbitrary dimensional domain and that of the
operator defined in all the space, and discuss applications of this equality.
Résumé. Sur le spectre de l’opérateur de Schrödinger avec un champ magnétique
dans un domaine exterieur. On établit une egalité entre le spectre essentiel de l’opérateur
de Schrödinger avec un champ magnétique dans un domaine exetrieur et celui de l’opérateur
dans tout l’espace. On discut des applications de cet egalité.
1. Introduction
Magnetic Schrödinger operators in domains with boundaries appear in several areas of physics,
one can mention the Ginzburg-Landau theory of superconductors, the theory of Bose-Einstein
condensates, Fermi-gases and the study of edge states in Quantum mechanics. We refer the
reader to [1, 2, 3] for details and additional references on the subject. From the point of view
of spectral theory, the presence of boundaries has an effect similar to that of perturbing the
magnetic Schrödinger operator by an electric potential. If we focus at present on two dimensional
domains and constant magnetic fields, we observe in both cases (exterior domain and electric
potential), that the essential spectrum consists of the Landau levels and the discrete spectrum
form clusters of eigenvalues around the Landau levels. Several papers are devoted to the study
of different aspects of these clusters of eigenvalues in domains with or without boundaries. In
the semi-classical context, we can can cite [2, 4, 5, 6, 8, 9], while [10, 11] contain results about
accumulation of eigenvalues in a non semi-classical limit.
Consider a compact and simply connected domain K ⊂ Rd with a smooth C∞ boundary.
Denote by Ω = Rd \K. Given a function γ ∈ L∞(∂Ω) and a vector potential A ∈ C1(Rd;Rd),
we define the Schrödinger operator LγΩ,B with domain D(L
γ
Ω,B) as follows,
D(LγΩ,B) =
{
u ∈ L2(Ω) : (∇− iA)ju ∈ L2(Ω), j = 1, 2; ν · (∇− iA)u+ γu = 0 on ∂Ω
}
, (1)
∀ u ∈ D(LγΩ,B) , L
γ
Ω,Bu = −(∇− iA)
2u . (2)
The vector ν is the unit outward normal vector of the boundary ∂Ω. The magnetic field B is
identified by an antisymmetric matrix (bk,j)1≤k,j≤d whose entries are defined by the components
(aj) of A as follows, bk,j = ∂xjak−∂xkaj. Associated to the operator L
γ
Ω,B is the quadratic form,
q
γ
Ω,B(u) =
∫
Ω
|(∇− iA)u|2 dx+
∫
∂Ω
γ|u|2 dS , u ∈ H1A(Ω) , (3)
where the space H1
A
(Ω) = {u ∈ L2(Ω) : (∇− iA)u ∈ L2(Ω)} is the form domain of qγΩ,B.
Since the function γ ∈ L∞(∂Ω), the operator LγΩ,B is semi-bounded from below and its asso-
ciated quadratic form is closed. Freidrich’s theorem tells us that LγΩ,B is self-adjoint in L
2(Ω).
We introduce the magnetic Schrödinger operator LB in L
2(Rd) with magnetic field B as
follows. The domain of the operator is D(LB) = {u ∈ L
2(Rd) : (∇−iA)ju ∈ L2(Rd), j = 1, 2},
and the action of the operator on its domain is as follows,
LBu = −(∇− iA)
2u , (in L2(Rd)) . (4)
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In this note, we establish the following result and discuss consequences of it.
Theorem 1. The essential spectrum of the operator LγΩ,B is the same as that of LB.
Earlier versions of Theorem 1 are already proven for two-dimensional domains [10, 11] under
different boundary conditions and for constant magnetic fields only. Theorem 1 remains true for
the magnetic Schrödinger operator with Dirichlet boundary condition (that is when replacing
the Robin condition in (1) by the condition u = 0 on ∂Ω). The proof is exactly the same as the
one we present here.
2. Proof of Theorem 1
We denote by Γ the common boundary of Ω and K and define the following operator on Γ,
∂Γu = ∂Nu+ γ u = ν · (∇− ibA)u+ γ u , (5)
where ν is the unit outward normal vector to the boundary of Ω.
We have introduced the operator LγΩ,B with quadratic form q
γ
Ω,B from (3). We will use also
the corresponding operator in K, namely L−γK,B. Since the quadratic forms q
γ
Ω,B and q
−γ
Ω,B are
semi-bounded (see (3)), we get up to a shift by a positive constat that they are strictly positive.
Thus we assume, the hypothesis:
(H1) The operators LB, L
γ
Ω,B and L
−γ
K,B are invertible.
Since Ω and K are complementary, the Hilbert space L2(Rd) is decomposed as the direct sum
L2(Ω)⊕L2(K) in the sense that any function u ∈ L2(Rd) can be represented as uΩ⊕uK where uΩ
and uK are the restrictions of u to Ω andK respectively. Notice that, for all u = uΩ⊕uK ∈ L
2(Rd)
such that uΩ ∈ D(LΩ,B) and uK ∈ D(LK,B), then ∂ΓuΩ = ∂ΓuK = 0, where ∂Γ is the trace
operator from (5).
We can extend the operator LγΩ,B in L
2(Ω) to an operator L˜ in L2(Rd). Actually, let L˜ =
L
γ
Ω,B ⊕ L
−γ
K,B in D(L
γ
Ω,B) ⊕D(L
−γ
K,B) ⊂ L
2(Rd). More precisely, L˜ is the self-adjoint extension
associated with the quadratic form
q˜(u) = qγΩ,B(uΩ) + q
−γ
K,B(uK) , u = uΩ ⊕ uK ∈ L
2(Rd) . (6)
By the hypothesis (H1), we may speak of the resolvent R˜ = L˜−1 of L˜. Since σ(L˜) = σ(LγΩ,B) ∪
σ(L−γK,B) and L
−γ
K,B has a compact resolvent, then we get the following lemma.
Lemma 2. With L˜, R˜ and LγΩ,B defined as above, it holds true that:
(1) σess(L
γ
Ω,B) = σess(L˜).
(2) λ ∈ σess(R˜) \ {0} if and only if λ 6= 0 and λ
−1 ∈ σess(L
γ
Ω,B).
In the next lemma, we observe that the operator LγΩ,B can be viewed as a compact perturbation
of the magnetic Schrödinger operator LB in L
2(Rd) introduced in (4).
Lemma 3. The operator V = L˜−1 − L−1
B
is compact. Moreover, for all f, g ∈ L2(Rd),
〈f, V g〉L2(Rd) =
∫
Γ
∂Γu · (vΩ − vK) dS , (7)
where u = L−1
B
f and v = L˜−1g.
Proof. Since f = LBu and g = L˜v = L
γ
Ω,BvΩ ⊕ L
−γ
K,BvK , it follows that,
〈f, V g〉L2(Rd) =
∫
Ω
LBu · vΩ dx+
∫
K
LBu · vK dx−
∫
Ω
u · LγΩ,BvΩ dx−
∫
K
u · L−γK,BvK dx .
The identity in (7) then follows by integration by parts and by using the boundary conditions
∂ΓvΩ = ∂ΓvK = 0.
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As we will show below, compactness of the trace operators together with (7) give us compact-
ness of the operator V . Let (gn) be a sequence in L
2(Rd) that converges weakly to 0. We will
prove that (V gn) converges strongly in L
2(Rd). We define,
u(n) = L−1
B
V gn , v
(n) = L˜−1gn .
Let U ⊂ Rd be an open and bounded set that contains the common boundary Γ of Ω and K.
We claim that there exists a positive constant C such that,
∀ n ∈ N , ‖u(n)‖H2(Ω) + ‖v
(n)
Ω ‖H2(Ω∩U) + ‖v
(n)
K ‖H2(K∩U) ≤ C . (8)
Once the estimate in (8) is established, we get compactness of the operator V as follows. Since
the embeddings of H2(U ∩ Ω) and H2(Ω ∩K) in L2(Γ) are compact, we get that,
‖v
(n)
Ω ‖L2(Γ) + ‖v
(n)
K ‖L2(K) → 0 as n→∞ .
Also, the trace theorem yields that ‖∂Γu
(n)‖L2(Γ) is bounded. Now, we may use (7) with f = V gn,
g = gn and deduce that,
‖V gn‖
2
L2(Rd) =
∫
Γ
∂Γu
(n) · (v
(n)
Ω − v
(n)
K ) dS → 0 as n→∞ ,
thereby establishing compactness of V . To finish the proof of Lemma 3, we need to prove the
claim in (8). Since V gn is in L
2(Rd) we get by definition of L−1
B
that LBu
(n) = V gn. As a
consequence, elliptic L2-estimates yield boundedness of u(n) in H2(U). In a similar way we
obtain boundedness of v
(n)
Ω and v
(n)
K in H
2. Actually, it holds true that,
LB,Ωv
(n)
Ω = gn in Ω , LB,Kv
(n)
K = gn in L
2(K) ,
together with the boundary conditions ∂Γv
(n)
Ω = 0 and ∂Γv
(n)
K = 0. Boundedness of v
(n)
Ω and v
(n)
K
in H2 then result from elliptic L2-estimates (up to the boundary). 
Proof of Theorem 1. As corollary of Lemma 3 and Weyl’s theorem, we get that LB and L˜ have
the same essential spectrum. Consequently, Lemma 2 tells us that Theorem 1 is true. 
3. Applications of Theorem 1
The spectrum of the operator LB is studied in several papers, see [7, 12] and the references
therein. Under the assumptions made in Corollary 4 below, it is proved in [7, Thm. 1.5] that
the essential spectrum of LB is exactly the union of spectra of all operators of the form LB∞ ,
where B∞ is a cluster value of the magnetic field B at ∞. The spectrum of LB∞ is either the
interval [ |B∞|,∞) (if B∞ = 0 or d is odd) or the landau levels otherwise. Since L
γ
Ω,B has the
same essential spectrum as LB, we get the result in Corollary 4 below.
Corollary 4. Suppose d = 2, 3 and the magnetic field B ∈ C3 satisfies the following condition,∑
1≤|α|≤3
∑
1≤i,j≤n
|Dαbi,j(x)| = O
(
|x|−α
)
, as |x| → ∞ , (9)
where bi,j are the components of B and α is a positive real number. It holds true that:
(1) If lim inf
|x|→∞
|B(x)| = 0, then σess(L
γ
Ω,B) = [0,∞).
(2) If d = 2, lim
|x|→∞
|B(x)| = b and b > 0, then, σess(L
γ
Ω,B) = {(2n − 1)b : n ∈ N}.
(3) If d = 3 and lim inf
|x|→∞
|B(x)| = b, then, σess(L
γ
Ω,B) = [b,∞).
The result of Corollary 4 remains true if the assumption (9) is relaxed, by supposing that
B(x) → b as |x| → ∞ and B ∈ C∞ (see [12, Theorems 2.2 & 2.4]).
The next corollary indicates situations where the spectrum of LγΩ,B is purely discrete.
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Corollary 5. Suppose that there exists a non-negative integer r such that B ∈ Cr+1(Rd). Let
bk,j be the components of B. If there exists a positive constant C such that,
∑
k,j
∑
α∈Nd
|α|=r+1
|Dαbk,j(x)| ≤ C

∑
k,j
∑
α∈Nd
|α|≤r
|Dαbk,j(x)|+ 1

 ,
and
∑
k,j
∑
α∈Nd
|α|≤r
|Dαbk,j(x)| → ∞ as |x| → ∞, then the operator L
γ
Ω,B has compact resolvent.
Under the conditions in Corollary 5, the operator LB has compact resolvent [7, Corollaire 1.2].
As a consequence of Lemma 3, we get that the operator LγΩ,B has compact resolvent too, thereby
proving Corollary 5.
Acknowledgements
AK is supported by a grant from Lebanese University.
References
[1] A. Aftalion, B. Helffer. On mathematical models for Bose-Einstein condensates in optical lattices. Rev.
Math. Phys. 21 (2) 229–278 (2009).
[2] H.D. Cornean, S. Fournais, R.L. Frank, B. Helffer. Sharp trace asymptotics for a class of 2D magnetic
operators. Preprint, arxiv.org.
[3] S. Fournais, B. Helffer. Spectral Methods in Surface Superconductivity. Progress in Nonlinear Differential
Equations and Their Applications 77 Birkhäuser (2010).
[4] S. Fournais, A. Kachmar. On the energy of bound states for magnetic Schrödinger operators. J. Lond. Math.
Soc. 80 (1) 233-255 (2009).
[5] R.L. Frank. On the asymptotic number of edge states for magnetic Schrödinger operators. Proc. London
Math. Soc. (3) 95 (1) 1–19 (2007).
[6] B. Helffer, A. Morame. Magnetic bottles in conncetion with superconducitivity. J. Func. Anal. 181 (2)
604–680 (2001).
[7] B. Helffer, A. Mohamed. Caractérisation du spectre essentiel de l’opérateur de Schrödinger avec un champ
magnétique. Annales de l’institut Fourier 38 (2) 95-112 (1988)
[8] A. Kachmar. Weyl asymptotics for magnetic Schrödinger operators and deGennes’ boundary condition.
Rev. Math. Phys. 20 No. 8 (2008), 901–932.
[9] A. Kachmar. On the ground state energy for a magnetic Schrödinger operator and the effect of the DeGennes
boundary condition. J. Math. Phys. 47 (7) 072106 (32 pp.) 2006.
[10] M. Persson. Eigenvalue asymptotics for the even-dimensional exterior Landau-Neumann Hamiltonian. Ad-
vances in Mathematical Physics. Volume 2009 (2009). Article ID 873704. 15 pages.
[11] A. Pushnitski, G. Rozenblum. Eigenvalue clusters of the Landau Hamiltonian in the exterior of a compact
domain. Doc. Math., 12:569–586, 2007.
[12] I. Shigekawa. Spectral properties of Schrödinger operators with magnetic fields for a spin 1/2 particle. J.
Funct. Anal. 101 255-285, 1991.
(A. Kachmar) Lebanese University, Department of Mathematics, Hadath, Lebanon
Lebanese International University, School of Arts and Sciences, Beirut, Lebanon
E-mail address, A. Kachmar: ayman.kashmar@liu.edu.lb
(M. Persson) Centre for Mathematical Sciences, Box 118, SE-22100, Lund, Sweden.
E-mail address, M. Persson: mickep@maths.lth.se
